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Abstract
We prove that among all flag homology 5-manifolds with n vertices, the join of 3 circles of
as equal length as possible is the unique maximizer of all the face numbers. The same upper
bounds on the face numbers hold for 5-dimensional flag Eulerian normal pseudomanifolds.
1 Introduction
A simplicial complex ∆ is called flag if all of its minimal non-faces are two-element sets. Flag
complexes form a fascinating family of simplicial complexes. By the definition, the clique complex of
any graph is a flag complex. Important classes of flag complexes include the barycentric subdivision
of regular CW complexes and Coxeter complexes.
We denote by fi the number of i-dimensional faces in a (d− 1)-dimensional simplicial complex
∆. The vector (f−1, f0, . . . , fd−1) is called the f -vector of ∆. Face enumeration is an active research
field in geometric combinatorics, yet many problems on the face numbers of flag complexes remain
open. The Kruskal-Katona theorem [6, 7] characterizes the f -vectors of simplicial complexes. For
flag complexes, tight bounds on face numbers are not so well-understood, see, for example, [3]. In
particular, in the class of polytopes (or simplicial spheres) of a fixed dimension and with a fixed
number of vertices, the celebrated upper bound theorem [9], [13] states that neighborly polytopes
(or neighborly spheres) simultaneously maximize all face numbers. Since neighborly (d−1)-spheres
are not flag (d − 1)-dimensional complexes, it is natural to ask whether there is a sharp upper
bound conjecture for flag simplicial spheres.
Denote by Jm(n) the simplicial (2m − 1)-sphere with n vertices obtained as the join of m
copies of the circle, each one a cycle with either ⌊ n
m
⌋ or ⌈ n
m
⌉ vertices. Also denote by J∗m(n) the
suspension of Jm(n−2). The upper bound conjecture on the face numbers of flag homology spheres
was proposed in recent years, as summarized in the following.
Conjecture 1.1 (Nevo-Petersen, [11]). The γ-vector of any flag homology sphere satisfies Frankl-
Fu¨redi-Kalai inequalities (see [4]). If this conjecture holds, then the face numbers of flag (2m− 1)-
spheres with n vectices are simultaneously maximized by the face numbers of Jm(n).
Conjecture 1.2 (Nevo-Lutz, [8]). In the class of flag homology (2m − 1)-spheres with n vectices,
Jm(n) is the unique maximizer of all the face numbers.
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Conjecture 1.3 (Adamaszek-Hladky´, [2]). The face numbers of any flag homology 2m-sphere with
n vertices are simultaneously maximized by those of J∗m(n).
We remark that in contrast to the odd-dimensional conjecture, the conjectured maximizer of
each face number for even-dimensional flag spheres is not unique, see the discussion in [14].
Conjecture 1.1 and 1.2 have been confirmed in several cases. Adamaszek and Hladky´ [2] proved
an asymptotic version of the conjectures in the class of flag simplicial (2m − 1)-manifolds on n
vertices. Indeed they showed that not only the f -numbers, but also h-numbers, g-numbers and γ-
numbers are maximized by Jm(n) as long as the number of vertices is large enough. More recently,
Zheng [14] proved the flag upper bound conjecture for all 3-dimensional flag simplicial manifolds.
The same upper bound also holds for all 3-dimensional flag Eulerian complexes.
In this manuscript, we extend the technique used in [14] (namely, an application of the inclusion-
exclusion principle) to prove that Nevo-Petersen conjecture and Nevo-Lutz conjecture also hold
for flag homology 5-manifolds. Our proof reveals a strong relation between the odd-dimensional
conjecture and even-dimensional conjecture: we show that if Conjecture 1.3 holds for the facet
number of flag homology 2m-spheres, then both Conjecture 1.1 and 1.2 holds for the facet number
of flag homology (2m + 1)-manifolds. The same argument applies to prove that Conjecture 1.1
continues to hold in the class of 5-dimensional flag Eulerian normal pseudomanifolds.
In [5], Gal not only disproved the real rootedness conjecture, but also conjectured that if ∆ is
a flag simplicial 3-sphere with n vertices and f1(∆) >
n2
4 +
n
2 + 4, then ∆ is the join of two cycles.
Adamaszek and Hladky´ [1] verified this conjecture in the class of flag 3-manifolds with sufficiently
many vertices. In this manuscript we show that for m = 2, 3, there exists a constant b(m) such that
if ∆ is a flag homology (2m−1)-manifold with n vertices and f2m−1(∆) ≥ f2m−1(Jm(n))−b(m)n
m−1,
then ∆ is indeed the join of two cycles.
The structure of this manuscript is as follows. Section 2 contains basic definitions and properties
related to simplicial complexes and flag complexes. In Section 3, we discuss the upper bound results
on flag homology 5-manifolds and 5-dimensional Eulerian complexes, as well as a generalization of
Gal’s conjecture.
2 Preliminaries
A simplicial complex ∆ on a vertex set V = V (∆) is a collection of subsets σ ⊆ V , called faces,
that is closed under inclusion. For σ ∈ ∆, let dimσ := |σ| − 1 and define the dimension of ∆,
dim∆, as the maximal dimension of its faces. A facet in ∆ is a maximal face under inclusion, and
we say that ∆ is pure if all of its facets have the same dimension. We denote by ·∪ the disjoint
union of sets.
For a (d − 1)-dimensional complex ∆, we let fi = fi(∆) be the number of i-dimensional faces
of ∆ for −1 ≤ i ≤ d − 1. The vector (f−1, f0, . . . , fd−1) is called the f -vector of ∆. If ∆ is a
simplicial complex and σ is a face of ∆, the link of σ in ∆ is lk(σ,∆) := {τ − σ ∈ ∆ : σ ⊆ τ ∈ ∆},
and the star of σ in ∆ is st(σ,∆) := {τ ∈ ∆ : σ ∪ τ ∈ ∆}. When the context is clear, we will
abbreviate the notation and write them as lk(σ) and st(σ) respectively. The deletion of a vertex
set W from ∆ is ∆\W := {σ ∈ ∆ : σ ∩W = ∅}. The restriction of ∆ to a vertex set W is defined
as ∆[W ] := {σ ∈ ∆ : σ ⊆ W}. If ∆ and Γ are two simplicial complexes on disjoint vertex sets,
then the join of ∆ and Γ, denoted as ∆ ∗ Γ, is the simplicial complex on vertex set V (∆) ·∪ V (Γ)
whose faces are {σ ∪ τ : σ ∈ ∆, τ ∈ Γ}.
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Denote by H∗(∆;k) the homology of ∆ with coefficients in k and by βi(∆;k) = dimkHi(∆;k)
the Betti numbers of ∆. A simplicial complex ∆ is a k-homology manifold if the homology group
H∗(lk(σ),k) ∼= H∗(S
d−1−|σ|,k) for all nonempty face σ ∈ ∆. A k-homology sphere is a k-homology
manifold that has the k-homology of a sphere. A (d−1)-dimensional simplicial complex ∆ is called
a (d − 1)-pseudomanifold if it is pure and every (d − 2)-face (called ridge) of ∆ is contained in
exactly two facets. A (d − 1)-pseudomanifold ∆ is called a normal (d − 1)-pseudomanifold if it is
connected, and the link of each face of dimension at most d − 3 is also connected. Every normal
2-pseudomanifold is a homology 2-manifold. However, for d > 3, the class of normal (d − 1)-
pseudomanifolds is much larger than the class of homology (d − 1)-manifolds. Also the family of
pseudomanifolds (normal pseudomanifolds, resp.) is closed under taking links.
We let χ(∆) =
∑d−1
i=0 (−1)
iβi(∆;k) be the Euler characteristic of ∆. We say ∆ is Eulerian if
∆ is pure and χ(lk(σ)) = (−1)dim lk(σ) + 1 for every σ ∈ ∆ including σ = ∅. Eulerian complexes
are pseudomanifolds and it follows from the Poincare´ duality theorem that all odd-dimensional
orientable homology manifolds are Eulerian. Recall that the h-vector of ∆, (h0, h1, . . . , hd), is
defined by the relation
∑d
i=0 hit
d−i =
∑d
i=0 fi−1(t− 1)
d−i. The following lemma is the well-known
Dehn-Sommerville relations for Eulerian complexes.
Lemma 2.1. Let ∆ be a (d − 1)-dimensional Eulerian complex. Then hi(∆) = hd−i(∆) for all
0 ≤ i ≤ d. In particular, if d = 6, then the f -vector of ∆ can be written as
(f0, f1, f2 = f5 + 2f1 − 2f0, f3 = 3f5 + f1 − f0, f4 = 3f5, f5).
A simplicial complex ∆ is flag if all minimal non-faces of ∆, also called missing faces, have
cardinality two; equivalently, ∆ is the clique complex of its graph. A crucial property of flag
complexes is described in the following lemma.
Lemma 2.2. Let ∆ be a flag complex on vertex set V .
1. If W ⊆ V (∆), then ∆[W ] is also flag.
2. If σ is a face in ∆, then lk(σ) = ∆[V (lk(σ))]. In particular, all links in a flag complex are
also flag.
3. Any edge {v, v′} in ∆ satisfies the link condition lk(v) ∩ lk(v′) = lk({v, v′}). More generally,
any face σ = σ1 ∪ σ2 in ∆ satisfies lk(σ) = lk(σ1) ∩ lk(σ2).
Proof: The first two claims are essentially Lemma 5.2 in [11]. We prove the last claim. If
σ = σ1 ∪ σ2, then lk(σ) ⊆ lk(σ1) ∩ lk(σ2) always holds. Conversely, let τ ∈ lk(σ1) ∩ lk(σ2). Every
vertex of τ is connected to every vertex in σ1 and σ2. Also since σ = σ1 ∪ σ2 is a face of ∆, the
complete graph on V (τ) ·∪V (σ) is a subgraph of G(∆). So ∆ is flag implies that σ ∪ τ forms a face
of ∆, i.e., τ ∈ lk(σ). Hence lk(σ1) ∩ lk(σ2) ⊆ lk(σ). 
Finally, we describe a class of flag odd-dimensional simplicial spheres. For m ≥ 2 and n ≥ 4m,
define Jm(n) as the simplicial (2m − 1)-sphere on n vertices obtained as the join of m circles,
each one of length either ⌊ n
m
⌋ or ⌈ n
m
⌉. In particular, Jm(4m) is the boundary complex of the 2m-
dimensional cross-polytope. It is easy to see that Jm(n) is flag and f1(Jm(n)) = n +
⌊
m−1
m
⌋
· n2.
The following lemma [14, Lemma 5.6] gives a necessary and sufficient condition for a flag normal
pseudomanifold to be the join of two of its face links.
Lemma 2.3. Let ∆ be a flag normal (d− 1)-pseudomanifold and let σ = σ1 ·∪ σ2 be a facet of ∆.
Then V (lk(σ1)) ·∪ V (lk(σ2)) = V (∆) if and only if ∆ = lk(σ1) ∗ lk(σ2).
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3 Proof of the main theorem
The goal of this section is to prove the upper bound conjecture for flag homology 5-manifolds. Let
∆ be a flag (2m − 1)-dimensional pseudomanifold. Our strategy is to use the inclusion-exclusion
principle to give an upper bound on
∑
v∈σ f0(lk(v)), where σ is a facet of ∆, and then use this
result to obtain an upper bound of f2m−1(∆). We begin with a generalization of Lemmas 5.2 and
5.3 in [14].
Lemma 3.1. Let ∆ be a flag (d − 1)-pseudomanifold with n vertices and let σ be a facet of ∆.
Then
∑
τ⊂σ,|τ |=d−2 f0(lk(τ)) = | ∪τ⊂σ,|τ |=d−2 V (lk(τ))| + 2d(d − 2).
Proof: Let ℓ =
(
d
2
)
and let V1 = V (lk(σ1)), . . . , Vℓ = V (lk(σℓ)) denote the vertex sets of the links
of (d − 3)-faces of σ. By Lemma 2.2, the intersection of Vi and Vj is either the empty set, or the
link of a ridge, which is the disjoint union of two vertices (since ∆ is a pseudomanifold). Hence by
the inclusion-exclusion principle,
ℓ∑
i=1
|Vi| = | ∪
ℓ
i=1 Vi|+
∑
1≤i<j≤ℓ
|Vi ∩ Vj| −
∑
1≤i<j<k≤ℓ
|Vi ∩ Vj ∩ Vk|+ . . .
= | ∪ℓi=1 Vi|+ 2 ·
(
#{(i, j) : |σi ∪ σj| = d− 1} −#{(i, j, k) : |σi ∪ σj ∪ σk| = d− 1}+ . . .
)
= | ∪li=1 Vi|+ 2 ·
(
d
d− 1
)
·
((
d− 1
2
)
−
(
d− 1
3
)
+ · · ·+ (−1)d−1
(
d− 1
d− 1
))
= | ∪li=1 Vi|+ 2d(d − 2).

In the following, let ∆ be a flag (2m− 1)-pseudomanifold on n vertices, σ a facet of ∆, and τ a
(k−1)-face in σ, where k ≤ 2m−3. We denote byWτ the set of vertices in ∆ connected to τ but not
connected to any vertices in σ\τ . Define ak :=
∑
τ⊂σ,|τ |=k f0(lk(τ)) and bk :=
∑
τ⊂σ,|τ |=k f0(Wτ ).
To give an explicit formula of ak in terms of a2m−2 and bi’s, we need the following identity.
Lemma 3.2.
∑2m−2
i=k+1(−1)
i−k+1
(
i
k
)(2m−2
i
)
=
(2m−2
k
)
.
Proof: Note that
2m−2∑
i=k+1
(−1)i−k+1
(
i
k
)(
2m− 2
i
)
=
2m−2∑
i=k+1
(−1)i−k+1
(
2m− 2
k
)(
2m− 2− k
i− k
)
.
Substituting x = 1 in both sides of the identity (1− x)2m−2−k =
∑2m−2−k
j=0 (−1)
j
(2m−2−k
j
)
xj yields
that
∑2m−2−k
j=1 (−1)
j
(
2m−2−k
j
)
= −1. Hence the left hand side of the above equation equals
(
2m−2
k
)
.

Lemma 3.3. Let ak, bk be defined as above. For 1 < k ≤ 2m− 2,
ak =
(
2m− 2
k
)
a2m−2 − 4m(2m− 2− k)
(
2m− 1
k
)
+
2m−3∑
i=k
(
i
k
)
bi.
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Proof: Since ∆ is flag, the link lk(τ) is the induced subcomplex of ∆ on V (lk(τ)). It follows that
| ∪v∈σ\τ V (lk(τ ∪ v))| = f0(lk(τ)) − f0(Wτ ). By the inclusion-exclusion principle,
f0(lk(τ))−f0(Wτ ) =
∑
v∈σ\τ
f0(lk(τ∪v))−
∑
e⊂σ\τ
f0(lk(τ∪e))+· · ·+(−1)
k
∑
δ⊂σ\τ,|δ|=2m−k−1
f0(lk(τ∪δ)).
Take the sum over all (k − 1)-faces in σ to obtain that
ak − bk =
(
k + 1
k
)
ak+1 −
(
k + 2
k
)
ak+2 + · · ·+ (−1)
k
(
2m− 1
k
)
a2m−1. (3.1)
First note that the general formula of ak holds for k = 2m− 2. Assume that the formula holds for
all ai with 2m− 2 ≥ i > k. We compute ak. By induction and Lemma 3.2, the coefficient of a2m−2
in ak is
coeffaka2m−2 =
2m−2∑
i=k+1
(−1)i−k+1
(
i
k
)(
2m− 2
i
)
=
(
2m− 2
k
)
.
Next we consider the constant term in a2m−2. Since ∆ is a pseudomanifold, every ridge is contained
in exactly two facets, and hence a2m−1 =
( 2m
2m−1
)
· 2 = 4m. We use the fact that
(2m− 2− k)
(
2m− 1
k
)
=
(
2m− 2
k
)
(2m− 1)−
(
2m− 1
k
)
along with our inductive hypothesis and Lemma 3.2 to obtain that
coeffak1 = 4m ·
2m−2∑
i=k+1
(−1)i−k+1
(
i
k
)((
2m− 2
i
)
· (2m− 1)−
(
2m− 1
i
))
+ (−1)2m−k
(
2m− 1
k
)
· 4m
= 4m ·
((
2m− 2
k
)
· (2m− 1)−
(
2m− 1
k
))
= 4m(2m− 2− k)
(
2m− 1
k
)
.
Finally, denote by ck the remaining terms in ak, which consists of a linear combination of bi. By
induction,
ck = bk +
2m−3∑
i=k+1
(−1)i−k+1
(
i
k
) 2m−3∑
j=i
(
j
i
)
bj
= bk +
2m−3∑
j=k+1
(
j
k
)
bj
j∑
i=k+1
(−1)i−k+1
(
j − k
i− k
)
= bk +
2m−3∑
j=k+1
(
j
k
)
bj
=
2m−3∑
j=k
(
j
k
)
bj .
This finishes proving the claim. 
We are now ready to estimate
∑
v∈σ f0(lk(v)) (σ is a facet) using the above lemma.
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Lemma 3.4. Let m ≥ 2 and let ∆ be a flag (2m − 1)-pseudomanifold with n vertices. Also let σ
be a facet of ∆. Then
∑
v∈σ f0(lk(v)) ≤ 2(m− 1)n + 4m. Furthermore if equality holds, then
• ∪v∈σ\τV (lk(v ∪ τ)) = V (lk(τ)) for any face τ ⊂ σ with |σ\τ | ≥ 3;
• ∪δ⊂σ,|δ|=2m−2V (lk(δ)) = V (∆).
Proof: By the inclusion-exclusion principle,
a1 = | ∪v∈σ V (lk(v))| + a2 − a3 + · · · − a2m−1
(∗)
= | ∪v∈σ V (lk(v))| +
(
a2m−2 − 4m(2m− 1)
)
·
2m−2∑
i=2
(−1)i
(
2m− 2
i
)
+ 4m
2m−2∑
i=2
(−1)i
(
2m− 1
i
)
+
2m−3∑
k=2
(−1)k
2m−3∑
i=k
(
i
k
)
bi
= | ∪v∈σ V (lk(v))| +
(
a2m−2 − 4m(2m− 1)
)
(2m− 3) + 4m
(
2m− 2
)
+
2m−3∑
i=2
(
i∑
k=2
(−1)k
(
i
k
))
bi
(∗∗)
= | ∪v∈σ V (lk(v))| + (2m− 3)
( ∣∣∪δ⊂σ,|δ|=2m−2V (lk(δ))∣∣ + 8m(m− 1))
− 4m(4m2 − 10m+ 5) +
2m−3∑
i=2
(i− 1)bi
= | ∪v∈σ V (lk(v))| + 4m+ (2m− 3)
∣∣∪δ⊂σ,|δ|=2m−2V (lk(δ))∣∣ + 2m−3∑
i=2
(i− 1)bi.
Here in (*) we use Lemma 3.3 and in (**) we use Lemma 3.1. Note that all Wτ are disjoint vertex
sets for different faces τ ⊂ σ. Hence
∣∣∪δ⊂σ,|δ|=2m−2V (lk(δ))∣∣ + 2m−3∑
i=2
bi ≤ n.
So we conclude that
a1 ≤ n+ 4m+ (2m− 3)
(
n−
2m−3∑
i=2
bi
)
+
2m−3∑
i=2
(i− 1)bi ≤ (2m− 2)n + 4m.
When equality holds, we must have that ∪v∈σV (lk(v)) = ∪δ⊂σ,|δ|=2m−2V (lk(δ)) = V (∆) and bi = 0
for 2 ≤ i ≤ 2m− 3. The second condition ‘’bi = 0” is equivalent to ∪v∈σ\τV (lk(v ∪ τ)) = V (lk(τ))
for any face τ ⊂ σ with |σ\τ | ≥ 3. 
The next proposition gives the relation between even-dimensional and odd-dimensional upper
bound conjecture for flag pseudomanifolds.
Proposition 3.5. Let ∆ be a flag (2m − 1)-pseudomanifold with n vertices. Assume that for all
vertex v ∈ ∆,
f2m−2(lk(v)) ≤ f2m−2(J
∗
m−1(f0(lk(v)))). (3.2)
Then fi(∆) ≤ fi(Jm(n)) for i = 2m− 2, 2m− 1.
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Proof: By Lemma 3.4,
∑
v∈σ f0(lk(v)) ≤ 2(m− 1)n+ 4m for any facet σ of ∆. Hence(
2(m− 1)n + 4m
)
f2m−1(∆) ≥
∑
σ∈∆,|σ|=2m
∑
v∈σ
f0(lk(v)) =
∑
v∈∆
f0(lk(v))f2m−2(lk(v)). (3.3)
The assumption on the vertex links is equivalent to
f0(lk(v)) ≥ (m− 1) ·
(
1
2
f2m−2(lk(v))
) 1
m−1
+ 2.
Hence the RHS of (3.3) is at least
∑
v∈∆
2(m− 1)
(
1
2
f2m−2(lk(v))
)1+ 1
m−1
+ 2f2m−2(lk(v)),
which by the fact that
∑
v∈∆ f2m−2(lk(v)) = 2mf2m−1(∆) is also greater than
2n(m− 1)
(
mf2m−1(∆)
n
)1+ 1
m−1
+ 4mf2m−1(∆).
Finally plugging in back to (3.3) and simplify, we obtained that f2m−1(∆) ≤ (
n
m
)m = f2m−1(Jm(n)).
Since f2m−2(∆) = mf2m−1(∆) for any pseudomanifold ∆, the other inequality also holds. 
It was conjectured in [2, Problem 17] that every flag (2m−1)-pseudomanifold ∆ with n vertices
satisfy fi(∆) ≤ fi(Jm(n)) for any 1 ≤ i ≤ 2m − 1. If ∆ is a flag normal 3-pseudomanifold, a
weaker inequality f1(∆) ≤ f1(J2(n)) + 3maxv∈∆ β1(lk(v)) was proved in [14, Lemma 3.3]. The
next theorem gives a better estimate when ∆ has no more than 6 non-spherical vertex links.
Theorem 3.6. Let ∆ is a flag normal 3-pseudomanifold with n vertices. Then f1(∆) ≤ f1(J2(n))
if χ(∆) = 0 and f1(∆) < f1(J2(n)) + χ(∆) if χ(∆) 6= 0.
Proof: By Theorem 3.1 in [12] we have that f3(∆) = f1(∆) − f0(∆) + χ(∆), and 2χ(∆) =∑
v∈∆ β1(lk(v)). Also since any vertex link in ∆ is a simplicial 2-manifold, so f2(lk(v)) = 2f0(lk(v))−
4 + 2β1(lk(v)). Hence the proof of Proposition 3.5 implies that
(2n + 8)f3(∆) = (2n + 8)(f1(∆)− n+ χ(∆))
≥
8f1(∆)
2
n
− 8f1(∆) + 2
∑
v∈∆
β1(lk(v))f0(lk(v)) ≥
8f1(∆)
2
n
− 8f1(∆) + 24χ(∆).
The last inequality uses the fact that f0(lk(v)) ≥ 6. After simplifying the above inequality we get
that (
f1(∆)− n
)(
f1(∆)− f1(J2(n)
)
≤
(
f1(J2(n))− 3n
)
χ(∆).
Hence the result follows. 
Now we are ready to prove our main upper bound results on flag homology 5-manifold.
Theorem 3.7. Let ∆ be a flag 5-dimensional simplicial complex with n vertices. If furthermore,
∆ is either an Eulerian normal pseudomanifold or homology manifold, then fi(∆) ≤ fi(J3(n)) for
all 0 ≤ i ≤ 5.
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Proof: Assume first that ∆ is a Eulerian normal pseudomanifold. Since lk(v) is Eulerian, all of its
face numbers are determined by f0(lk(v)) and f1(lk(v)) and the γ-polynomial is well-defined (see [5]
for the definition). So Corollary 3.1.7 in [5] still applies: the γ-polynomial of lk(v) has at least one
real root. This implies that 4γ2(lk(v)) ≤ γ1(lk(v))
2 and hence inequality (3.2) holds. By Proposition
3.5 we have that f5(∆) ≤ f5(J3(n)). The proof of the inequality f1(∆) ≤ f1(J3(n)) is exactly the
same as the proof of Proposition 4.2 in [14]; we omit the details. Finally the other inequalities
follow from the fact that f2(∆), f3(∆) and f4(∆) are uniquely determined by f0(∆), f1(∆) and
f5(∆), see Lemma 2.1. The same proof also applies to any flag homology 5-manifold. 
Remark 3.8. As indicated by the proof above, the inequality f5(∆) ≤ f5(J3(n)) also holds for
any 5-dimensional flag Eulerian complex ∆.
Next we characterize the maximizer of face numbers of flag 5-manifolds. The following lemma
gives a sufficient condition for a flag 2-sphere to be a suspension of a circle. For simplicity of
notation, we write the edge link lk({u, v}) as lk(uv), and we say a facet σ is adjacent to another
facet σ′ if they share a ridge.
Lemma 3.9. Let ∆ be a flag simplicial 2-manifold and σ a facet of ∆. If ∪v∈σV (lk(v)) =
∪v∈σ′V (lk(v)) = V (∆) for every facet σ
′ that is adjacent to σ, then ∆ is the suspension of a
circle of length ≥ 4.
Proof: Let σ = {u, v, w} be a facet of ∆ and let {u, u′}, {v, v′} and {w,w′} be the vertices of
lk(vw), lk(uw), lk(uv) respectively. Since ∆ is flag, the intersection of the stars of two adjacent
vertices in ∆ must be the union of two 2-faces. Hence ∪a∈σ st(a) is a triangulated 2-ball and
its boundary C contains the vertices u′, v′, w′. We write C as the union of three paths Pu =
lk(u) ∩ C,Pv = lk(v) ∩ C and Pw = lk(w) ∩ C. Also denote by Pu\∂Pu the path obtained from Pu
by removing its endpoints (Pu\∂Pu can be a singleton or the emptyset).
If C is a 3-cycle, then {u′, v′, w′} ∈ ∆ and ∆ is the octahedral sphere. Otherwise, at least one of
Pu, Pv , Pw, say Pu, has more than two vertices. Since ∪a∈σV (lk(a)) = ∪a∈{u′,v,w}V (lk(a)) = V (∆),
it follows that u′ is connected to every vertex in Pu\∂Pu. Also every vertex link in ∆ is the induced
subcomplex on its vertices, so
| lk(v′) ∩ (Pu ∪ Pw)| = | lk(w
′) ∩ (Pu ∪ Pv)| = 2.
Hence both lk(v′) and lk(w′) must be 4-cycles. However, from ∪a∈{v′,u,w}V (lk(a)) = V (∆) it follows
that v′ is connected to every vertex in Pv\∂Pv . So Pv\∂Pv = ∅ and lk(v) is a 4-cycle. Similarly
lk(w) is also a 4-cycle. This implies that ∆ is the suspension of the circle lk(u). 
Lemma 3.10. Let m ≥ 2 and ∆ be a flag normal (2m − 1)-pseudomanifold with n vertices. Also
let σ be a facet of ∆. If the link of every (2m − 4)-face in σ is the suspension of a circle and
furthermore, ∪δ⊂σ,|δ|=2m−2V (lk(δ)) = V (∆), then ∆ is the join of m circles.
Proof: The proof is by induction on m. First let m = 2. If n = 8, then ∆ = J2(8). Otherwise
let n > 8. There exists an edge {v1, v2} ⊂ σ whose link has more than four vertices. We let σ =
{v1, v2} ∪ {u1, u2}. Since lk(v1), lk(v2) are suspensions of the circle lk(v1v2), the link lk(viuj) must
be a 4-cycle for any i, j = 1, 2. Then it follows from Lemma 3.1 that f0(lk(v1v2)) + f0(lk(v3v4)) =
n+16− 4 · 4 = n. Hence V (lk(v1v2))∪V (lk(v3v4)) = V (∆) and ∆ = lk(v1v2) ∗ lk(v3v4) by Lemma
2.3.
8
Next assume the claim holds for all flag normal (2m− 1)-pseudomanifolds with 2 ≤ m < k and
we let m = k. For any edge e ⊂ σ, since ∪δ⊂σ,|δ|=2k−2V (lk(δ)) = V (∆), we obtain that
f0(lk(e,∆)) = | ∪δ⊂σ,|δ|=2k−2 V (lk(δ,∆)) ∩ V (lk(e,∆))| = | ∪δ⊂σ\e,|δ|=2k−4 V (lk(δ, lk(e))|. (3.4)
Fix the facet σ\e in lk(e). If τ is a (2k − 6)-face in σ\e, then lk(τ, lk(e)) = lk(τ ∪ e,∆) is the
suspension of a circle. Hence by the identity (3.4) and the inductive hypothesis, the link lk(e) is
the join of k − 1 circles.
If n = 4k, then ∆ is the join of k 4-cycles. Otherwise if n > 4k, then choose a (2k−3)-face τ ′ ∈ σ
whose link has the maximum number of vertices. Since ∆ 6= Jk(4k) and ∪δ⊂σ,|δ|=2k−2V (lk(δ)) =
V (∆), we have f0(lk(τ
′)) > 4. Furthermore, the above argument shows that lk(e0) := lk(σ\τ
′) =
C1 ∗ C2 ∗ · · · ∗ Ck−1. Now in each Ci there is an edge ei such that σ = ∪
k−1
i=0 ei of ∆. Let δ be a
(2k − 3)-face of ∆. If δ = σ\{v1, v2}, where v1 ∈ e0 and v2 ∈ ∪
k−1
i=1 ei, then δ\e0 is a (2k − 4)-face
whose link is the suspension of a circle. Since lk(τ\e0) is a circle of length > 4, it follows that lk(δ)
must be a 4-cycle. Also when e0 ⊂ δ, the link lk(δ) = lk(δ\e0, lk(e0)) is always a 4-cycle, except
perhaps for δ = σ\ei, i = 1, 2, · · · , k − 1. Hence by Lemma 3.1 and ∪δ∈σ,|δ|=2m−2V (lk(δ)) = V (∆),
k−1∑
i=0
f0(lk(σ\ei)) = n+ 8k(k − 1)−
((
2k
2
)
− k
)
· 4 = n.
Hence V (∆) = V (lk(σ\e0)) ·∪ V (lk(σ\e1)) ·∪ · · · ·∪ V (lk(σ\ek−1)) = V (lk(σ\e0)) ·∪ V (lk(e0)). Thus
by Lemma 2.3, ∆ is the join of the circles lk(σ\ei), 0 ≤ i ≤ k − 1. 
The above two lemmas immediately imply the following theorem.
Theorem 3.11. Let ∆ be a flag homology 5-manifold with n vertices. Then fi(∆) = fi(J3(n)) for
some 1 ≤ i ≤ 5 if and only if ∆ = J3(n).
Proof: The case i = 1 is proved in [14]. Assume that f5(∆) = f5(J3(n)). For inequality (3.3) to
be an equality, by Lemma 3.4 we have | ∪v∈σ\τ V (lk(v ∪ τ))| = f0(lk(τ)) for any 2-face τ and any
facet σ ⊃ τ . Hence by Lemma 3.9, the link of every 2-face in ∆ is the suspension of circle. So by
Lemma 3.10 and the proof of Proposition 3.5, it follows that ∆ = C1 ∗C2 ∗C3, where Ci are circles
of length at least 4, and inequality (3.2) holds as an equality for every vertex link in ∆. This means
Ci must have either
⌊
n
3
⌋
or
⌈
n
3
⌉
vertices, and ∆ = J3(n). 
In [5], Gal conjectured that if ∆ is a flag simplicial 3-sphere on n vertices such that f1(∆) >
1
4(n
2 + 2n + 16), then ∆ is the join of two circles. This conjecture is optimal; consider the flag
3-sphere Γ obtained by taking the join of a (n2 − 1)-cycle and a
n
2 -cycle and subdividing an edge
whose link is the 4-cycle. Then Γ is not the join of two circles, and f1(Γ) =
1
4(n
2+2n+16). It was
showed in [1] that this conjecture holds asymptotically. We propose the following generalization of
Gal’s conjecture.
Conjecture 3.12. For any m ≥ 2, there exists a constant b = b(m) such that if ∆ be a flag
homology (2m − 1)-manifold with n vertices and f2m−1(∆) > f2m−1(Jm(n)) − b(m)n
m−1, then ∆
is the join of m cycles.
In what follows we prove this conjecture for m = 2, 3. Let ∆ be a flag homology (2m − 1)-
manifold, σ0 = {v1, v2, . . . , v2m} a facet of ∆, and σi = σ\{vi} ∪ {ui} be the adjacent facets of σ0.
Define mσi =
∑
v∈σi
f0(lk(v)) for 0 ≤ i ≤ 2m and Mσ0 :=
∑2m
i=0mσi .
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Lemma 3.13. Let m = 2 or 3 and let ∆ be a flag normal (2m−1)-pseudomanifold with n vertices.
If ∆ is not the join of m cycles, then Mσ < (1 + 2m)(2(m − 1)n + 4m) for any facet σ ∈ ∆.
Proof: Assume that there is a facet σ0 = {v1, v2, · · · , v2m} such that Mσ0 = (1 + 2m)(2(m −
1)n+4m). In particular, we have mσi = 2(m− 1)n+4m for every 0 ≤ i ≤ 2m. By Lemma 3.4, for
any (2m − 4)-face τ ∈ σ0 and any facet σi containing τ , we have ∪w∈σi\τV (lk(w ∪ τ)) = V (lk(τ)).
It follows from Lemma 3.9 that lk(τ) must be the suspension of a circle. Again by Lemma 3.4,
mσ0 = 2(m − 1)n + 4m implies that ∪δ∈σ0,|δ|=2m−2V (lk(δ)) = V (∆). Hence by Lemma 3.10, ∆ is
the join of m circles, which is a contradiction. 
We give the proof of Conjecture 3.12 for m = 2, 3.
Proof: Assume that ∆ is not the join of m cycles. By Lemma 3.13, we have Mσ ≤ (1+2m)(2(m−
1)n + 4m) for any facet σ ∈ ∆ for any facet σ ∈ ∆. Denote by N(σ) the set of vertices in some
adjacent facet of σ but not in σ. It follows that
f2m−1(∆)
(
2(m− 1)n+ 4m−
1
2m+ 1
)
≥
1
2m+ 1
∑
σ∈∆
Mσ
=
1
2m+ 1
∑
v∈∆
f0(lk(v)) ·
(
2m ·#{σ : v ∈ N(σ)}+#{σ : v ∈ σ}
)
=
1
2m+ 1
∑
v∈∆
f0(lk(v))f2m−1(lk(v))
≥ 2n(m− 1)
(
mf2m−1(∆)
n
) m
m−1
+ 4mf2m−1(∆).
Here the last inequality follows from the fact that (3.2) holds for every vertex link in the homology
3- and 5-manifolds. This yields the result. 
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